ON BRITTON'S theorem a CHARLES F. MILLER III1
In [l] Britton gives a "group-theoretic" proof of the unsolvability of the word problem for finitely presented groups. His proof uses a very powerful result [l, Lemma 4 (the principal lemma)] on presentations which has become known as Britton's Lemma and has since been used by several other authors. In the appendix to [l] Britton states a generalization of this lemma as Theorem A. Britton briefly indicates how Theorem A can be deduced from the previous lemma and how it may be further generalized.
We give a direct proof of Theorem A in its most general form which specializes immediately to Britton's Lemma. Our proof appeals more directly to the theory of free products with amalgamation.
By E = (S; D) we mean that the group E is presented by generators 5 and relations D. By G = (A*B; H = K, <j>) we mean that G is the free product of groups A and B amalgamating their subgroups H and K via the isomorphism </> (<j> will be omitted where the map is obvious from the context). The notation w = v will mean that w and v are identical as words, while w = v refers to equality of words as elements of some appropriate group. The following lemma is an immediate consequence of the normal form for free products with amalgamation: Lemma 1. Suppose G-(Ax*A2; Hx = H2, <p) and let w = hgx ■ ■ ■ gn (w^ 1), where hEHx=H2 and giEAviih where v(i)7±v(i+l), so that the gi lie in alternating factors. Then if w = 1 in G there is some i such that giEHx = H2. P will denote a set of letters indexed by a set V. We write p(v) rather than p, to avoid several levels of subscripting.
Let E = (S; D) be any presentation and assume P and 5 are disjoint. A presentation E* is said to have stable letters P and corresponding basis E if it has the form E* = (S, P; D, p(yi)-lAiP(zi) = B{(i E I)), or (2) p(y)Cp(z)_1 where C is a word over S. In case (1), C is equal in E to a word w(At)^A(y) and w(A()p(z) produces p(y)w(B{). In case (2), C is equal in E to a word w(Bi)E;B(y) and w(Ai)p(z) produces p(y)w(Bt).
Proof.
Let [a(v)(v£zV)] denote the free group generated by the a(v). Generally, (Q) denotes the subgroup generated by the set Q. Define the (ordinary) free products: Similarly, case (2) can be handled by the dual proof.|| Corollary 1. Let E* and E be as in Theorem A. Let re be a positive integer. Then E* has elements of order re if and only if E has elements of order re.
The claim is true for E (and hence F*) by properties of free products with amalgamation, see [2] . Hence Theorem A just becomes Britton's Lemma. A consequence of E being embedded in E* is a well-known theorem of Higman, Neumann and Neumann (see [3, Chapter ll] ).
